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We would like a way to characterize non-Gaussianity in 
physical systems. 

(Many examples in astrophysics and cosmology)



Question 1:  What do we mean by non-Gaussianity?



Question 1:  What do we mean by non-Gaussianity?

Question 0:  What do we mean by Gaussianity?



https://medium.com/@SeoJaeDuk/archived-post-multivariate-gaussian-distributions-and-entropy-3-991578ca534c
and Wikipedia

https://medium.com/@SeoJaeDuk/archived-post-multivariate-gaussian-distributions-and-entropy-3-991578ca534c


But that isn’t quite what we are talking about. 
We are talking about the covariance structure. 



https://medium.com/@SeoJaeDuk/archived-post-multivariate-gaussian-distributions-and-entropy-3-991578ca534c

2-D Gaussian

https://medium.com/@SeoJaeDuk/archived-post-multivariate-gaussian-distributions-and-entropy-3-991578ca534c


There is a correspondence between a covariance matrix and 
a Gaussian. 

This can be done in high-dimension vector spaces like
- every pixel in an image
- every wavelength in a spectrum

The statistical “Gaussian process” that generates the data 
may be stationary (invariant under shifts and/or time)

Or non-stationary. 



The Cosmic Microwave Background (CMB) intensity 
corresponds to a stationary Gaussian process. 

This Gaussian process is characterized by pixel-pixel covariance 
that depends only on the angular distance between the pixels. 



The CMB: A stationary Gaussian Process

The pixel-pixel covariance is captured 
by a 2-point correlation function, or 
(related via a Fourier transform) the 
power spectrum.



The CMB: A stationary Gaussian Process

This is not a Gaussian process merely 
because the measurement noise in each 
pixel is Gaussian. 

It is because the spatial covariance structure 
of the map is Gaussian. 

Therefore, the power spectrum contains 
“everything you need to know.”

It is where observation meets theory. 



We need a space where theory and observation 
meet…



Question 1:  What do we mean by non-Gaussianity?

The information not captured by a power 
spectrum (or 2-point correlation function)

Question 2:  What kinds of systems exhibit 
 non-Gaussianity?



Subtle non-Gaussianity:  systems that are almost Gaussian, 
but subtle deviations are interesting.  Inflation, novel 
theories of gravity, “stringy physics”…

- CMB 
- Large-scale structure
- …

Strong non-Gaussianity: systems with non-linear 
couplings that dominate the dynamics.

- Hydrodynamics
- Interstellar dust
- Basically everything else in the universe



Lots of people are 
interested in these 

topics…

https://arxiv.org/pdf/1903.04409.pdf



https://arxiv.org/pdf/1903.04409.pdf



These are important questions that many people are working to 
address.  My group tends to focus on interstellar dust. 



We see it in absorption



… and reflection



… and sometimes both.



It has been mapped in exquisite detail in 2-D, 
and more recently in 3-D.

But what do we want to learn from it?

What are the physical processes happening?
What are the parameters?

(Density, B-Field, Mach numbers, etc.)



Can we do the same for the interstellar medium?

It has “filaments”
“Phase coherence”
“Non-Gaussian structure”

WSSA, Meisner & Finkbeiner (2015), see wssa.skymaps.info

http://wssa.skymaps.info


We would like a statistic that is

- translation invariant
- rotation invariant
- robust to projection
- robust to noise
- robust to differences between telescopes (PSF, etc.)
- robust to different spectral regimes (e.g. comparing dust 
emission with HI or CO)

Why not CNNs?
- quantity and quality of training data
- want to understand in terms of physics

-> Middle-ground between CNN and Gaussian statistics



Classic paper on wavelet scattering transform (WST)

Bruna & Mallat, 1203.1513v2



A complex sinusoidal wave windowed by a Gaussian

The Morlet Wavelet

Bruna & Mallat, 1203.1513v2

exp(i ⃗k ⋅ ⃗x ) G( ⃗x )



The wavelet,            , is indexed on j,l
j: log(size)      (e.g. 6 scales for 256x256 image)

l: angle           (e.g. 8 angles in half-plane)

Convolve input image, I, with all wavelets. 
Take the modulus
Repeat m times…  (usually m=2)

The Wavelet Scattering Transform

Bruna & Mallat, 1203.1513v2

ψj,l( ⃗x )



Bruna & Mallat, 1203.1513v2

λ1 ≡ ( j1, l1)

λ2 ≡ ( j2, l2)

The Wavelet Scattering Transform



Bruna & Mallat, 1203.1513v2

λ1 ≡ ( j1, l1)

λ2 ≡ ( j2, l2)

The Wavelet Scattering Transform

~ power spectrum

Non-linear coupling of 
various scales and angles



The WST bears some resemblance to a convolutional neural 
network (CNN).   Both involve some notion of

1. Convolve with filters
2. Put through a non-linear function; output the sum
3. Convolve each image in (2) with each filter
4. Repeat M times…

Unlike a CNN, WST sees all size scales at each step. 
Instead of a sigmoid or Relu, modulus is the non-linear function. 

A CNN must learn its filters.  For WST the filters are fixed. 

WST / CNN similarity



Bruna & Mallat, 1203.1513v2

WST is sensitive to non-Gaussian texture



WST is sensitive to non-Gaussian texture

This is brilliant…

We have a statistic that
- is fast and easy to compute
- is translation invariant (and somewhat rotation invariant)

- requires no “learning”
- S1 is sensitive to the Power spectrum (i.e. Gaussian)
- S2 is sensitive to non-Gaussianity

Now what?



If WST can do this, can it classify ISM density fields?

WST classifies textures

Bruna & Mallat, 1203.1513v2



ISM dust is non-Gaussian

Saydjari+ 2010.11963

Let’s apply WST to these images and see how they differ.

Dust                      Same dust, random phase



Dimensionality reduction

WST is clearly sensitive to something of interest, but 
outputs 100s or 1000s of parameters.  

How do extract a few useful parameters?

i.e., which dimensions in that vector space are useful?



Consider 4 input image classes:

- SFD: Schlegel+ 1998 dust map
- NHC: same with random phase
- Smooth: smoothed white noise
- Rand: white noise

Principal Component Analysis (PCA)
cannot separate these. 

PCA identifies a linear basis containing the most variance.  
That is not what we want. 

PCA is not helpful

Saydjari+ 2010.11963



Linear Discriminant Analysis (LDA)

Finds a linear basis that maximizes 
separation of classes. 

Supervised, not unsupervised like (PCA)

The 4 classes are easily separated.
(Remember there are more dimensions…)

LDA works better

Saydjari+ 2010.11963



WST-LDA

Saydjari+ 2010.11963



But that was too easy…
Let’s try a toy problem related to the interstellar medium.



Classification of MHD sims

256x256 slices of MHD sims with 
varying sonic and Alfvénic Mach 
numbers provided by CATS. 

Train on 7 time steps, test on 2.

Can WST-LDA tell these apart?

(We scale them to zero mean and unit 
variance before inputting)

Saydjari+ 2010.11963
Sims from CATS, Burkhart+ 2010.11227, 

mhdturbulence.com 

http://mhdturbulence.com


WST outputs 1827-D vectors. 
The 8 classes make a helix in 3-D LDA space. 
Test-train precision is 94%

WST-LDA classifies MHD sims

Saydjari+ 2010.11963



Magnetic field is in x direction. 

WST-LDA is sensitive to B-field direction

Saydjari+ 2010.11963



We might be able to
- read parameters off the ISM maps
- constrain 3-D dust inferences
- …?

With WST-LDA in the toolbox



3-D dust:  We can derive the 3-D distribution of dust in the 
Milky Way using the colors and brightness of ~ 109 stars.

Gregory Green (see argonaut.skymaps.info)

http://argonaut.skymaps.info


In order to make a 3-D dust map, it is useful to express our 
prior on the structure of dust. 

A Gaussian Process prior is sometimes assumed. 
This may not be good enough. 

WST allows a more expressive prior that take account of 
the non-Gaussianity of the dust. 

This should lead to better 3-D dust maps in the future.  
(Stay tuned!)

An expressive prior



A new filter bank
- compact in Fourier domain
- exactly conserves “energy”       energy=sum (values squared)

- exactly translation invariant
- approximately rotation invariant (~1E-3 in energy)
- implementation is fast. 

Testing rotational invariance on MNIST

Current work



A new filter bank: triglets
- cosine window in angle and log(r)

Triglets

Saydjari & Finkbeiner (2021)



A new filter bank: triglets
- cosine window in angle and log(r)
- compact support
- (go to zero at origin)
- sum of squares = 1.

As with all wavelets, one must be 
careful at the smallest and largest 
scales. 

Triglets

Saydjari & Finkbeiner (2021)



A new filter bank: triglets
- cosine window in angle and log(r)
- compact support
- (go to zero at origin)
- sum of squares = 1.
- (Non-directional wavelets at smallest and largest scales 
not shown)

As with all wavelets, one must be 
careful at the smallest and largest 
scales. 

Triglets

Saydjari & Finkbeiner (2021)



Small wavelets (j=1) are coarsely 
sampled in the real domain.

Big wavelets (j=6) are coarsely 
sampled in the Fourier domain.

Either compromises rotation 
invariance.

Adequate sampling -> invariance

Saydjari & Finkbeiner (2021)



We can take linear combinations of 
coefficients that are (nearly) 
rotation invariant. 

Become

“ISO” coefficients

S1( j1, l1), S2( j1, j2, l1, l2)

S1( j1), S2( j1, j2, Δl)



Spinning rod test

Saydjari & Finkbeiner (2021)

Coefficients with most of the image power are nearly 
invariant.  Coefficients with < ppm power are unstable.



Spinning rod test

Saydjari & Finkbeiner (2021)



Toy problem: let’s apply this to rotated MNIST

http://yann.lecun.com/exdb/mnist/



MNIST 
handwritten 

digits
(Oriented)

S1( j1, l1),

S2( j1, j2, l1, l2)

Saydjari & Finkbeiner (2021)(Preliminary results)



MNIST 
handwritten 

digits
(Random 

orientation)

ISO
S1( j1), S2( j1, j2, Δl)

Saydjari & Finkbeiner (2021)(Preliminary results)



Not as good as a spherical CNN, 
But far simpler!



A simpler approach may require less training data.  
Or lower quality training data. 

Saydjari & Finkbeiner (2021)



Patterns of non-Gaussianity generally appear in physical 
systems of interest, yet the Gaussian Process assumption is 
usually made. 

CNNs are highly sensitive to such patterns, but may require 
more training data than we have. 

The wavelet scattering transform (WST) or our equivariant 
version (EqWS) provide sensitivity to non-Gaussianity, ~ 
invariance under translation and rotation, and may exceed 
CNN performance in the data-starved limit. 

Summary




